ABSTRACT. We show that the -adic Tate conjecture for divisors on smooth proper varieties over finitely generated fields of positive characteristic follows from the -adic Tate conjecture for divisors on smooth projective surfaces over finite fields. Similar results for cycles of higher co-dimension are given.
1. INTRODUCTION 1.1. Statement. Let k be a field of characteristic p ≥ 0 and write π 1 (k) for its absolute Galois group. A k-variety is a reduced and separated scheme of finite type over k. For a k-variety Z write Z k := Z × k k and P ic(Z k ) for its geometric Picard group. If = p is a prime, consider the -adic cycle class map
and write N S(Z k ) ⊗ Q for its image. Recall the -adic Tate conjecture for divisors [Tat65] :
Conjecture 1.1.1 (T (Z, )). Assume that k is finitely generated and Z is a smooth and proper k-variety. Then the map
is an isomorphism.
The goal of this note is to study the behaviour of T (Z, ) under finitely generated field extensions, with special emphasis where p > 0. The main result is the following: Theorem 1.1.2. Assume p > 0. Then T (Z, ) for every finite field k of characteristic p and every smooth projective k-variety Z implies T (Z, ) for every finitely generated field k of characteristic p and every smooth proper k-variety Z.
In Section 3, Proposition 3.1.2 gives results over more general fields and for cycles of higher codimension.
1.2. Remarks. By an unpublished result ( [dJ] ) of De Jong (whose proof has been simplified in [Mor15, Theorem 4 .3]), over finite fields the -adic Tate conjecture for divisors for smooth projective varieties follows from the -adic Tate conjecture for divisors for smooth projective surfaces and hence Theorem 1.1.2 implies the following: Corollary 1.2.1. Assume p > 0. Then T (Z, ) for every finite field k of characteristic p and every smooth projective k-surface Z implies T (Z, ) for every finitely generated field k of characteristic p and every smooth proper k-variety Z.
Let us mention that if k is infinite and finitely generated, one can use the results of [And96] (see [Cad12, Corollary 5 .4]) if p = 0 or [Amb18, Theorem 1.3.3] if p > 0, together with a spreading out argument to deduce that T (Z, ) for all smooth proper k-varieties Z implies T (Z, ) for all smooth proper varieties Z over all the fields that are finitely generated over k. The idea is to try and transpose the Hodge theoretic arguments of [And96, Section 5.1] to the -adic setting. We spread out Z to a smooth proper morphism Z → K of F q -varieties such that Z embeds into a smooth proper F q -variety Z cmp . By smooth proper base change and the theory of weights, a class in
, to a divisor on Z cmp that one can pullback to Z to obtain a divisor which defines the cohomology class we started with. Compared to [And96, Section 5 .1], the extra difficulties come from the fact that resolution of singularities and the semi semplicity of the Galois action in -adic cohomology are not known. The first issue can be overcome using De Jong's alteration theorem and the second adjusting an argument of Tate (Lemma 2.3.1).
Preliminary reductions.
Fix an infinite finitely generated field k of characteristic p and let Z be a smooth proper k-variety. To prove T (Z, ), one may freely replace k with a finite extension. In particular one may assume that all the connected components of Z k are defined over k and so, working with each component separately, that Z is geometrically connected over k. The following lemma will be used twice.
By De Jong's alteration theorem ([dJ96] ) applied to Z k , there exists a smooth projective k-variety Z and a dominant morphism Z → Z k . So, by Lemma 2.1.1 and replacing k with a finite field extension, one may assume that Z is a smooth projective k-variety. Moreover one may assume that the Zariski closure G of the image of π 1 (k) acting on H 2 (Z k , Q (1)) is connected and hence, since the action of
2.2. Spreading out and alterations. Write F q for the algebraic closure of F p in k. Spreading out to F q , there exist a geometrically connected, smooth F q -variety K with generic point η : k → K and a smooth projective morphism f :
By De Jong alteration's theorem, there exist an integral smooth F q -variety Z, an open embedding Z → Z cmp into an integral smooth projective F q -variety Z cmp and a genericallyétale, projective, dominant
there is an open subset U of K such that Z U → U is smooth, so that the generic fibre of Z → K is a smooth projective k-variety Z endowed with a dominant morphism Z → Z. By Lemma 2.1.1, to show T (Z, ) it is enough to show T ( Z, ). So replacing K with U and Z with Z, we may assume that Z admits an open immersion Z → Z cmp into a smooth projective F q -variety Z cmp , so that there is a commutative diagram:
2.3. End of the proof: global invariant cycles theorem. We need to show that each
is the image of a w ∈ P ic(Z k ) ⊗ Q . Fix such w. By smooth proper base change, the action of
Write F for the algebraic closure of F q . By the global invariant cycle theorem ( [Del80] ; see [And06, Theorem 1.1.1]) the map
induced by i * and by the Leray spectral sequence for f is surjective. By assumption T (Z cmp , ) holds. By Lemma 2.3.1 below, there exists w ∈ H 2 (Z cmp F , Q (1)) π 1 (Fq) such that ψ(w ) = w. By T (Z cmp , ) there exists w ∈ P ic(Z cmp ) ⊗ Q such that c Z cmp ( w ) = w . Defining w := i * η i * ( w ) ∈ P ic(Z) ⊗ Q , the following commutative diagram concludes the proof:
Lemma 2.3.1. Let X be a smooth proper F q variety. If T (X, ) holds, for every Q -representation V of π 1 (F q ) and every π 1 (F q )-equivariant surjection
is surjective.
Proof. Since T (X, ) is true, by [Tat94, Proposition 2.6.] the injection
has a π 1 (F q )-equivariant splitting. Since π 1 (F q ) is pro-cyclic we conclude by Lemma 2.3.2 below.
Lemma 2.3.2. Let G be a pro-cyclic group and W a Q -representation of G such that the map W G → W admits a G-equivariant splitting. Then for every Q -representation U of G and every G-equivariant surjection W → U , the map W G → U G is surjective.
Proof. By assumption there exists a representation C of G such that C G = 0 and W = C ⊕ W G . Then it is enough to show that Hom G (C, U G ) = 0, i.e. that Hom G (C, Q ) = 0. But Hom G (C, Q ) = Hom(C G , Q ), where C G are the co-invariants. Since G is pro-cyclic, one has C G = 0 if and only if C G = 0 and this concludes the proof.
HIGHER CODIMENSIONAL CYCLES
In this section we discuss generalizations of Theorem 1.1.2 to cycles of higher codimension. Compared with the case of divisors, the main issue is that [Tat94, Proposition 2.6.] is no longer available, so that we have to consider also conjectures about the semisimplicity of the Galois action onétale cohomology. Conjecture 3.1.1. If k is finitely generated and Z is smooth and proper k-variety, then:
For a field K, one says that T (K, i, , r, d) holds if for every finitely generated extension K ⊆ k of transcendence degree ≤ r and for every smooth proper k-variety Z of dimension d, T (Z, i, ) holds. In a similar way one can consider the conditions S(K, i, , r, d) and W S(K, i, , r, d). Then one can restate Corollary 1.2.1 saying that T (F p , 1, , 0, 2) implies T (F p , 1, , r, d ) for all integers r ≥ 0,d ≥ 2. Adapting the argument in the proof of Theorem 1.1.2 one shows the following: Proposition 3.1.2. For any finitely generated field K, T (K, i, , 0, d + r) and S(K, i, ,
3.2. Proof of Proposition 3.1.2. The arguments in 2.1, 2.2 and 2.3 in the proof of Theorem 1.1.2 go trough without any change, since the hypothesis that i = 1 (to apply [Tat94, Proposition 2.6.]) and K = F q (hence π 1 (K) pro-cyclic) are only used to prove Lemma 2.3.1. Then the situation is the following. There is a smooth projective morphism f : Z → K of smooth geometrically connected K-varieties, such that Z admits an open embedding into a smooth projective K-variety Z cmp . By [Del80] one knows that the map
is surjective and, to conclude, it is enough to show Lemma 3.2.1 below, a generalization of Lemma 2.3.1.
Lemma 3.2.1. Let X be a smooth proper K-variety. If S(X, i, ) holds or if p > 0 and W S(X, i, ) holds, then for every Q -representation V of π 1 (K) and every π 1 (K)-equivariant surjection
Proof. If S(X, i, ) holds, then the surjective map H 2i (X K , Q (i)) → V admits a π 1 (K)-equivariant splitting and hence one concludes immediately. Assume now p > 0 and that W S(X, i, ) holds. Spreading out to the algebraically closure F q of F p in k, there exist an smooth and geometrically connected F q -variety T with generic point η : K → T and a smooth proper morphism h : X → T fitting into a cartesian diagram:
By smooth proper base change, the action of π 1 (K) on H 2i (X K , Q (i)) factors trough the surjection π 1 (T) → π 1 (K). By assumption, there is a π 1 (T)-representation C with C π 1 (T) = 0 and a π 1 (T)-invariant decomposition
As in the proof of Lemma 2.3.1, it is enough to show that Hom π 1 (T) (C, Q ) = 0 and since C π 1 (T) = 0, it enough to show that every π 1 (T)-equivariant exact sequence 0 → A → C → Q → 0 splits. To prove this it is enough to show that H 1 (π 1 (T), A) = Ext 1 π 1 (T) (Q , A) = 0 for all π 1 (T)-sub module A ⊆ C. Now, A corresponds to an -adic lisse sheaf G ⊆ R 2i h * Q (i) on T such that there are equalities 0 = A π 1 (T) = H 0 (T, G) and H 1 (π 1 (T), A) = H 1 (T, G). Since G ⊆ R 2i h * Q (i) is pure of weight zero by [Del80] , Lemma 3.2.2 below concludes the proof. 
